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Abstract—Sign-random-projection locality-sensitive hashing (SRP-LSH) is a widely used hashing method, which provides an

unbiased estimate of pairwise angular similarity, yet may suffer from its large estimation variance. We propose in this work batch-

orthogonal locality-sensitive hashing (BOLSH), as a significant improvement of SRP-LSH. Instead of independent random projections,

BOLSH makes use of batch-orthogonalized random projections, i.e., we divide random projection vectors into several batches and

orthogonalize the vectors in each batch respectively. These batch-orthogonalized random projections partition the data space into

regular regions, and thus provide a more accurate estimator. We prove theoretically that BOLSH still provides an unbiased estimate of

pairwise angular similarity, with a smaller variance for any angle in ð0;pÞ, compared with SRP-LSH. Furthermore, we give a lower

bound on the reduction of variance. The extensive experiments on real data well validate that with the same length of binary code,

BOLSH may achieve significant mean squared error reduction in estimating pairwise angular similarity. Moreover, BOLSH shows the

superiority in extensive approximate nearest neighbor (ANN) retrieval experiments.

Index Terms—Sign-random-projection, locality-sensitive hashing, angular similarity, approximate nearest neighbor search
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1 INTRODUCTION

LOCALITY-SENSITIVE hashing (LSH) aims to hash similar
data samples to the same hash code with high probabil-

ity [1], [2]. Based on the locality-sensitive property, a funda-
mental usage of LSH is to generate sketches, or signatures,
or fingerprints, for reducing storage space while approxi-
mately preserving the pairwise similarity. These sketches or
signatures can be used for higher-level applications, e.g.,
clustering [3], [4], near-duplicate detection [5], [6], [7], [8].
Moreover, LSH can further be used for efficient approxi-
mate nearest neighbor (ANN) search [2], which is one of its
most important applications. We can index the hash code in
an efficient way, i.e., in hash tables, to enable efficient search
for similar data samples to a query.

Binary LSH is a special kind of LSH that generates binary
codes. It approximates a certain distance or similarity of
two data samples by computing the Hamming distance
between the corresponding binary codes. The advantages of
binary LSH are two-fold: on the one hand, computing

Hamming distance involves mainly bitwise operations, and
it is much faster than directly computing other distances,
e.g., euclidean and cosine distances, which require heavy
arithmetic operations; on the other hand, the storage is sub-
stantially reduced due to the use of compact binary codes.
In large-scale applications [3], [7], [9], [11], e.g., near-dupli-
cate image or document detection, object and scene recogni-
tion, large-scale clustering, etc., we are often confronted
with intensive computing of pairwise distances or similari-
ties, then binary LSH may act as a scalable solution.

Sign-random-projection locality-sensitive hashing (SRP-
LSH) [12] is an important binary LSH method, which is
widely used and extensively studied. The Hamming dis-
tance between two codes of SRP-LSH provides an unbiased
estimate of the pairwise angular similarity. For many kinds
of data represented by vectors, the natural pairwise similar-
ity is only related to the angle between the data, e.g., the
normalized bag-of-words representation for documents,
images, and videos, and the normalized histogram-based
local features like SIFT [13]. Specifically, SIFT descriptors
are usually normalized to unit length, to gain further
robustness against various lighting conditions. Thus, the
resulting normalized SIFT descriptors are points lying on
the unit sphere in R128. In these cases, angular similarity can
serve as a similarity measurement, and SRP-LSH can be
used as a hashing method. For example, SRP-LSH is used
for high speed noun clustering [3], near-duplicate web doc-
ument detection [7], similarity search in large-scale database
[12], and it is the basic building block of many other binary
embedding or hashing algorithms [14], [15], [16].

Although SRP-LSH is widely used, it may suffer from
the large variance of its estimation. In our previous work
[17], of which this work is a journal extension, we proposed
batch-orthogonal Locality-Sensitive Hashing (BOLSH), as
an improvement over SRP-LSH. Instead of independent
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random projections, BOLSH makes use of batch-orthogo-
nalized random projection vectors, as illustrated in Fig. 1. It
is proven in [17] that BOLSH also provides an unbiased
estimate of pairwise angular similarity, and has a smaller
variance than SRP-LSH when the angle to estimate is in
ð0;p=2�.

As the journal extension version of our previous work
[17], this work gives much stronger theoretical results. We
further provide theoretical justifications that the variance of
BOLSH is strictly smaller than that of SRP-LSH, for any
angle in ð0;pÞ. Moreover, we prove a lower bound on the
reduction of variance.

The proposed BOLSH method is closely related to many
recently proposed Principal Component Analysis (PCA)-
style learning-based hashing methods, which learn orthog-
onal projections. Although BOLSH is purely probabilistic
and data-independent, the model of orthogonal random
projection together with its theoretical justifications can
help gain more insights and a better understanding of
these learning-based hashing methods. Furthermore, since
theoretical analysis and experiments both show that
BOLSH approximates the angle between two vectors more
accurately, BOLSH, in replace of SRP-LSH, can be used in
various applications requiring massive angle-related com-
putations, e.g., dot product [18], angular similarity, cosine
similarity, euclidean distance. Its potential applications
include approximate nearest neighbor search, near-dupli-
cate detection, clustering and so on.

In Section 2, we introduce the related work. In Section 3,
we first review SRP-LSH, then describe the proposed
BOLSH. In Section 4, we give theoretical justifications to
show that BOLSH has a smaller variance than SRP-LSH,
and we also provide a lower bound for the variance reduc-
tion. In Section 5, we conduct experiments to demonstrate
the effectiveness of the proposed BOLSH, and verify the
theoretical analysis.

2 RELATED WORK

Apart from SRP-LSH, there are various LSH methods for
different similarities, e.g., p-stable-distribution LSH [19] for
‘p-distance when p 2 ð0; 2�. Bit-sampling LSH methods [1],
[2] for Hamming distance and ‘1-distance, min-wise hash
[4], [6] for Jaccard similarity.

All these LSH methods are probabilistic and data-inde-
pendent. Due to their simplicity, they are easy to be inte-
grated as a module in more complicated algorithms
involving pairwise distance or similarity computation, or
similarity search. Besides approximate nearest neighbor

search, LSH methods are widely used in near-duplicate
detection [5], [6], [7], [8], clustering [3], [4], document finger-
printing [20], image retrieval [21], [22], object indexing [23],
and so on. Particularly, Georgescu et al. [24] made use of
LSH to reduce the computation complexity of adaptive
mean-shift, for clustering in high dimensions. Dean et al.
[18] used LSH to accelerate the dot product computation,
enabling fast and accurate detection of 100,000 object classes
on a single machine.

New probabilistic data-independentmethods for improv-
ing these original LSH methods have been proposed
recently. Andoni and Indyk [25] proposed a near-optimal
LSH method for euclidean distance. B-bit minwise hash [26]
improves the original min-hash in terms of compactness.
Li et al. [11] showed that b-bit minwise hash can be inte-
grated in linear learning algorithms for large-scale learning
tasks. Shift-invariant kernel hashing [27] is a probabilistic
data-independent method for shift-invariant kernels. Li
et al. [28] proposed very sparse random projections for accel-
erating random projections and SRP.

Data-dependent hashing methods have also been exten-
sively studied. While LSH is used in various applications,
data-dependent hashing is specifically designed for approx-
imate nearest neighbor search. The advantage of data-
dependent methods is that they learn the proper hash func-
tions such that these hash functions partition the data space
in a proper way according to the data distribution. Since
they can fit the data, they usually perform better in approxi-
mate nearest neighbor search compared with the purely
probabilistic data-independent LSH methods. However, the
disadvantage is that there is no theoretical guarantee for
these methods on how well the hash functions would fit the
data. The main reason is that the objective functions of these
methods are non-convex, or even not continuous, and thus
there is no global guarantee for these methods. Further-
more, when the data is of high dimension, and the distribu-
tion is complicated, learning the hash functions may not be
scalable. Besides, as mentioned above, the application of
data-dependent hashing is limited to approximate nearest
neighbor search.

Data-dependent hashing methods can be categorized
into unsupervised, semi-supervised and supervised meth-
ods. Spectral hashing [29], anchor graph hashing [30], itera-
tive quantization [31], anti-sparse coding [32], K-means
hashing [33] are data-dependent unsupervised methods.
There are also a bunch of works devoted to supervised and
semi-supervised hashing methods [14], [34], [35], [36], [37],
[38], [39], [40], [41], which try to capture not only the geome-
try of the original data, but also the semantic relations.

There are many extensions based on the hashing meth-
ods mentioned above, towards scalable similarity search.
For example, Lv et al. [42] proposed a multi-probe scheme,
to improve the search quality of p-stable-distribution LSH
while reducing the number of hash tables. Satuluri et al.
[43] proposed Bayesian LSH for fast pruning away a sub-
stantial amount of false positive candidates during post-
processing. Norouzi et al. [44] made use of multi-index
structure to enable fast exact K-nearest neighbor search in
Hamming space.

Before this work, the technique of using row-orthogonal
or column-orthogonal random projection matrix has been

Fig. 1. An illustration of 12 BOLSH projection vectors {wi} generated by
orthogonalizing independent random projection vectors {vi} in four
batches.
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proposed in several papers. J�egou et al. [45] proposed
Hamming embedding method, which uses row-orthogonal
random projection matrix to produce binary signatures for
refining the matching based on visual words. The function
for producing binary signatures is different from the hash
function of SRP-LSH and the proposed BOLSH in this
paper. Furthermore, since the technique of batch-orthogo-
nalization proposed in this work provides a general frame-
work, BOLSH allows both small code length and long code
length which exceeds the data dimension, while Hamming
embedding only produces small codes.

The use of column-orthogonal random projection matrix
appeared in [32], and the method is called LSH+frame. The
experiment shows that orthogonalizing the columns of the
random projection matrix would achieve better result in
approximate nearest neighbor search. However, compared
with BOLSH, this method orthogonalizes the random
matrix in a perpendicular way, which can only generate
binary codes with long code length that is not smaller than
the data dimension, and thus it is completely different from
the proposed BOLSH in this work.

Though these prior works [32], [45] already show the
interest of orthogonalizing the random projection matrix in
some ways, they are all based on empirical observations.
This work formally justifies the superiority of using batch-
orthogonalized random projections in constructing hash
functions. In particular, we provide theoretical justification
to guarantee that the hash functions of BOLSH, which are
constructed by batch-orthogonalized random projections,
satisfy locality-sensitive property. Furthermore, we show
that the variance of BOLSH is smaller than that of SRP-LSH.

Several data-dependent hashing methods [29], [31], [38]
proposed recently learn orthogonal projection vectors.
Based on the formulation in [29], [38], Gong and Lazebnik
[31] proposed iterative quantization method, which first
conducts dimension reduction via PCA, then iteratively
optimizes and searches for a rotation matrix to minimize
the quantization loss.

Although the proposed BOLSH is a probabilistic data-
independent method, the orthogonal random projection
model and the theoretical analysis for the use of orthogonal-
ization can help gain a better understanding of these learn-
ing-based hashing methods.

3 BATCH-ORTHOGONAL LOCALITY-SENSITIVE

HASHING FOR ANGULAR SIMILARITY

3.1 Sign-Random-Projection Locality-Sensitive
Hashing: A Review

Sign-random-projection locality-sensitive hashing [12] is a
widely used locality-sensitive hashing method for angular
similarity, which embeds real vectors into Hamming space.
The resulting pairwise Hamming distance provides an
unbiased estimate of the pairwise angular similarity
between the original data pair [12], [46]. Angular similarity
is defined as follows:

Definition 1. simða; bÞ ¼ 1� ua;b=p.

Here ua;b ¼ arccosð ha;bi
kakkbkÞ 2 ½0;p� is the angle between a

and b, where ha; bi denotes the inner product of a and b, and
k � k denotes the ‘2-norm of a vector.

Formally, in a d-dimensional data space, let v denote a
random vector sampled from the normal distribution
Nð0; IdÞ, and x denote a data sample, then an SRP-LSH
function is defined as

Definition 2. hvðxÞ ¼ sgnðvTxÞ.
Here the sign function sgnð�Þ is defined as

sgnðzÞ ¼ 1; z � 0
0; z < 0:

�

Given two data samples a and b, it is proven [46] that

PrðhvðaÞ 6¼ hvðbÞÞ ¼ ua;b

p
: (1)

We call this the locality-sensitive property.
By independently sampling K d-dimensional vectors

v1; . . . ; vK from the normal distribution Nð0; IdÞ, we may
define a binary-vector-valued function hðxÞ ¼ ðhv1ðxÞ;
hv2ðxÞ; . . . ; hvK ðxÞÞ, which concatenates K SRP-LSH func-
tions and thus produces K-bit codes. Then by the locality-
sensitive property (1), it is easy to prove that

E½dHammingðhðaÞ; hðbÞÞ� ¼ Kua;b

p
¼ Cua;b: (2)

where C ¼ K=p.
This reveals the relation between Hamming distance and

angular similarity. That is, the expectation of the Hamming
distance between the binary hash codes of two given data
samples a and b is an unbiased estimate of their angle ua;b,
up to a constant scale factor C ¼ K=p. Thus SRP-LSH pro-
vides an unbiased estimate of angular similarity.

Since fhv1ðxÞ; hv2ðxÞ; . . . ; hvK ðxÞg are independent SRP
functions, dHammingðhðaÞ; hðbÞÞ follows a binomial distribu-
tion, i.e., dHammingðhðaÞ; hðbÞÞ � BðK;

ua;b
p
Þ, and thus its vari-

ance is

Var½dHammingðhðaÞ; hðbÞÞ� ¼ Kua;b

p
1� ua;b

p

� �
: (3)

This implies that the variance of the normalizedHamming
distance dHammingðhðaÞ; hðbÞÞ=K, i.e., Var½dHammingðhðaÞ;
hðbÞÞ=K�,satisfies

Var½dHammingðhðaÞ; hðbÞÞ=K� ¼ ua;b

Kp
1� ua;b

p

� �
: (4)

Though being widely used, SRP-LSH may suffer from
the large variance of its estimation, leading to large estima-
tion error. Generally we need a substantially long code
length to accurately approximate the angular similarity [35],
[36], [47].

Since independent random vectors do not partition the
input space in a regular manner, the resulting binary code
may be less informative as it seems, and may even contain
many redundant bits. To tackle this problem, an intuitive
idea would be to orthogonalize the random vectors. How-
ever, once being orthogonalized, the projection vectors are
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no longer independently sampled. Moreover, it remains
unclear whether the resulting Hamming distance still pro-
vides an unbiased estimate of the angle ua;b, and what its
variance will be. In Section 4 we will give answers with the-
oretical justifications to these two questions.

In the next section, based on the above intuitive idea,
we propose batch-orthogonal locality-sensitive hashing
method. We provide theoretical guarantees that after
orthogonalizing the random projection vectors in batches,
we still get an unbiased estimate of angular similarity, yet
with a smaller variance, for any angle ua;b 2 ð0;pÞ. Thus
the resulting binary code is more informative. Experi-
ments on real data show the effectiveness of BOLSH,
which with the same length of binary code may achieve as
much as 30 percent mean squared error (MSE) reduction
compared with SRP-LSH in estimating angular similarity
on real data. Moreover, BOLSH shows its effectiveness in
approximate nearest neighbor retrieval experiments.

3.2 Batch-Orthogonal Locality-Sensitive Hashing

The proposed BOLSH is based on SRP-LSH. When the
code length K satisfies 1 < K � d, where d is the dimen-
sion of data space, we can orthogonalize N (1 � N �
minðK; dÞ ¼ K) of the random vectors sampled from the
normal distribution Nð0; IdÞ. The orthogonalization pro-
cedure is the QR decomposition process.

After orthogonalization, the resulting N vectors are no
longer independently sampled, thus we group their corre-
sponding bits together as an N-batch. We call N the batch
size.

However, when the code length K > d, it is impossible
to orthogonalize all K vectors. Without loss of generality,
assume that K ¼ N 	 L, and 1 � N � d, then we can per-
form the QR decomposition process L times to orthogonal-
ize them in L batches. Formally, K random vectors fv1;
v2 . . . ; vKg are independently sampled from the normal dis-
tribution Nð0; IdÞ, and then are divided into L batches with
N vectors each. Perform the QR decomposition process to
these L batches of N vectors respectively, and we get
K ¼ N 	 L projection vectors fw1; w2 . . . ; wKg. This results
in K BOLSH functions ðhw1

; hw2
. . . ; hwK

Þ, where hwi
is

defined as

Definition 3. hwi
ðxÞ ¼ sgnðwT

i xÞ.
These K functions produce L N-batches and altogether

produce K-bit binary codes. Fig. 1 shows an example of
generating 12 BOLSH projection vectors. Algorithm 1
describes the procedure for generating BOLSH projection
vectors.

When the batch size N ¼ 1, BOLSH degenerates to SRP-
LSH. In other words, SRP-LSH is a special case of BOLSH.

Note that the definition of the BOLSH function
(Definition 3) shares the same form as that of the SRP-
LSH function (Definition 2). The key difference is the
choice of the projection vectors. Instead of independent
random projections, BOLSH uses random projections that
are orthogonalized in batches.

Also note that the QR decomposition process is not the
only way of producing a set of orthogonal vectors uniformly
at random. Performing singular value decomposition to a
random matrix with i.i.d. standard normal elements also

achieves this goal. Although the proofs of some of the theo-
retical results in this paper depend on QR decomposition,
we expect that the same theoretical results can be achieved
by using the singular value decomposition method.

There are several ways of computing the QR decomposi-
tion, such as the Gram-Schmidt process, Householder trans-
formations and Givens rotations.

The algorithm can be easily extended to the case where
the code length K is not a multiple of the batch size N . In
fact one can even use variable batch size Ni, as long as
1 � Ni � d.

With the same code length, BOLSH has the same running
time OðKdÞ as SRP-LSH in on-line processing, i.e., generat-
ing binary codes when applying to data.

4 THEORETICAL ANALYSIS

In this section we provide theoretical analysis of BOLSH.
We show that the Hamming distance between the binary
codes produced by BOLSH provides an unbiased estimate
of the angle between the corresponding two vectors, with a
smaller variance. Moreover, we prove a lower bound on the
reduction of variance.

4.1 Unbiased Estimate

In this section we show that BOLSH provides an unbiased
estimate of the angle ua;b of a; b 2 Rd.

The intuition is that, after orthogonalization, each projec-
tion vector still follows an isotropic distribution, i.e., it
points to any direction in Rd with equal probability density,
and thus the probability that its corresponding hyperplane
partitions two vectors is proportional to the angle (that
equals ua;b=p). Therefore with the linearity of expectation,
the Hamming distance provides an unbiased estimate of the
angle.

First we list the important lemmas needed for the proof.
Lemmas 3 and 4 state that after orthogonalization, each ran-
dom vector still follows an isotropic distribution. Lemmas 1
and 2 show that a random vector that follows an isotropic
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distribution satisfies the locality-sensitive property. Then
Theorem 1 and Corollary 1 prove that the Hamming dis-
tance between BOLSH binary codes provides an unbiased
estimate of the angle between the corresponding two given
vectors.

Lemma 1. ([46], Lemma 3.2) Let Sd�1 denote the unit sphere in
Rd. Given a random vector v uniformly sampled from Sd�1,
we have Pr½hvðaÞ 6¼ hvðbÞ� ¼ ua;b=p.

Lemma 2. If v 2 Rd follows an isotropic distribution, then
v ¼ v=kvk is uniformly distributed on Sd�1.

This lemma can be proven by the definition of isotropic
distribution, and we omit the details here.

Lemma 3. Given k vectors v1; . . . ; vk 2 Rd, which are sampled
i.i.d. from the normal distribution Nð0; IdÞ, and span a
subspace Sk, let PSk denote the orthogonal projection onto
Sk, then PSk is a random matrix uniformly distributed on
the Grassmann manifold Gk;d�k.

This lemma can be proven by applying the Theorems
2.2.1 (iii) and 2.2.2 (iii) in [48].

Lemma 4. If P is a random matrix uniformly distributed on the
Grassmann manifold Gk;d�k, 1 � k � d, and v � Nð0; IdÞ is
independent of P , then the random vector ~v ¼ Pv follows an
isotropic distribution.

From the uniformity of P on the Grassmann manifold
and the property of the normal distribution Nð0; IdÞ, we can
get this result directly. We give a sketch of proof below.

Proof. We can write P ¼ UUT , where the columns of U ¼
½u1; u2; . . . ; uk� constitute the orthonormal basis of a ran-
dom k-dimensional subspace. Since the standard nor-
mal distribution is two-stable [19], v̂ ¼ UTv ¼ ½v̂1; v̂2; . . . ;
v̂k�T is a Nð0; IkÞ-distributed vector, where each v̂i �
Nð0; 1Þ, and it is easy to verify that v̂ is independent
of U . Therefore ~v ¼ Pv ¼ Uv̂ ¼ Sk

i¼1v̂iui. Since ui; . . . ; uk

can be the orthonormal basis of any k-dimensional sub-
space with equal probability density, and fv̂1; v̂2; . . . ; v̂kg
are i.i.d.Nð0; 1Þ random variables, ~v follows an isotropic
distribution. tu

Theorem 1. Given N i.i.d. random vectors v1; v2; . . . ; vN 2 Rd

sampled from the normal distribution Nð0; IdÞ, where
1 � N � d, perform the QR decomposition process to them
and produce N orthogonalized vectors w1; w2; . . . ; wN , then
for any two data vectors a; b 2 Rd, by defining N indicator
random variablesXa;b

1 ; Xa;b
2 ; . . . ; Xa;b

N as

Xa;b
i ¼ 1; hwi

ðaÞ 6¼ hwi
ðbÞ

0; hwi
ðaÞ ¼ hwi

ðbÞ
�

we have E½Xa;b
i � ¼ ua;b=p, for any 1 � i � N . Note that for

simplicity, from now on we omit the explicit dependency on
the data pair a and b of the symbols Xa;b

1 ; Xa;b
2 ; . . . ; Xa;b

N ,
and just denote them by X1; X2; . . . ; XN .

Proof. Denote Si�1 the subspace spanned by fw1; . . . ; wi�1g,
and the orthogonal projection onto its orthogonal com-
plement as P?

Si�1
. Then wi ¼ P?

Si�1
vi. Denote w ¼ wi=kwik.

For any 1 � i � N , E½Xi� ¼ Pr½Xi ¼ 1� ¼ Pr½hwi
ðaÞ 6¼

hwi
ðbÞ� ¼ Pr½hwðaÞ 6¼ hwðbÞ�. For i ¼ 1, by Lemmas 1

and 2, we have Pr½X1 ¼ 1� ¼ ua;b=p.

For any 1 < i � N , consider the distribution of wi. By
Lemma 3, PSi�1

is a random matrix uniformly distributed
on the Grassmann manifold Gi�1;d�iþ1, thus P?

Si�1
¼ I�

PSi�1
is uniformly distributed on Gd�iþ1;i�1. Since vi �

Nð0; IdÞ is independent of v1; v2; . . . ; vi�1, vi is indepen-
dent of P?

Si�1
. By Lemma 4, we have that wi ¼ P?

Si�1
vi fol-

lows an isotropic distribution. By Lemma 2, w ¼ wi=kwik
is uniformly distributed on the unit sphere in Rd. By
Lemma 1, Pr½hwðaÞ 6¼ hwðbÞ� ¼ ua;b=p. tu

Corollary 1. For any batch size N , 1 � N � d, assuming that
the code length K ¼ N 	 L, the Hamming distance
dHammingðhðaÞ; hðbÞÞ is an unbiased estimate of ua;b, for any
two data vectors a and b 2 Rd, up to a constant scale factor
C ¼ K=p.

Proof. Apply Theorem 1 and we have that

E½dHammingðhðaÞ; hðbÞÞ� ¼ L	 E½SN
i¼1Xi� ¼ L	 S

N
i¼1E½Xi�

¼ L	 S
N
i¼1ua;b=p ¼ Kua;b

p
¼ Cua;b: tu

4.2 Smaller Variance

In this section we show that the variance of BOLSH
is strictly smaller than that of SRP-LSH, for any angle
ua;b 2 ð0;pÞ.

The intuition is that independent random hyperplanes
do not divide the input space in a regular manner. How-
ever, orthogonal projection vectors divide the input space
into regular regions, thus it is expected that BOLSH has a
smaller variance in estimating the angle.

First we need to express the variance of the Hamming
distance between BOLSH binary codes. Lemmas 5 and 6
unify all the cross-product terms E½XiXj� ¼ Pr½Xi ¼ 1 j
Xj ¼ 1� Pr½Xj ¼ 1� in the variance to Pr½X2 ¼ 1 jX1 ¼
1�Pr½X1 ¼ 1� ¼ Pr½X2 ¼ 1 jX1 ¼ 1� ua;b

p
¼ p2;1

ua;b
p
, where p2;1 is

defined as follows:

Definition 4. p2;1 ¼ Pr½X2 ¼ 1 jX1 ¼ 1�.
Then the variance of BOLSH can be expressed in terms of

ua;b, p2;1, K and N , as shown in Theorem 2. The smaller is
p2;1, the smaller is the variance of BOLSH. Lemma 6 proves
that p2;1 < ua;b=p for ua;b 2 ð0;p=2�, leading to Corollary 2
and Corollary 3, that BOLSH has a smaller variance than
SRP-LSH, for ua;b 2 ð0;p=2�. In Section 4.2.2, Theorem 4
shows that the variance of BOLSH is symmetric about
ua;b ¼ p=2, so is the reduction of variance. Thus this com-
pletes the proof that BOLSH has a smaller variance, for any
angle in ð0;pÞ. To further study how much the variance
reduction is, Theorem 3 in Section 4.2.1 gives an upper
bound of p2;1, leading to a lower bound on the variance
reduction. The formal proofs are as follows.

Lemma 5. For the random variables fXig defined in Theorem 1,
we have the following equality Pr½Xi ¼ 1 jXj ¼ 1� ¼
Pr½Xi ¼ 1 jX1 ¼ 1�, 1 � j < i � N � d.

Proof. Without loss of generality, we assume that kwkk ¼ 1,

for 1 � k � N . Pr½Xi ¼ 1 jXj ¼ 1� ¼ Pr½hwi
ðaÞ 6¼ hwi

ðbÞ j
Xj ¼ 1� ¼ Pr½h

vi�Si�1
k¼1wkw

T
k
vi
ðaÞ 6¼ h

vi�Si�1
k¼1wkw

T
k
vi
ðbÞjhwj

ðaÞ 6¼
hwj

ðbÞ�. Since fw1; . . .wi�1g is a uniformly random ortho-

normal basis of a random subspace uniformly distributed
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on Grassmann manifold, by exchanging the index j and

1, we have Pr½Xi ¼ 1 j Xj ¼ 1� ¼ Pr½h
vi�Si�1

k¼1wkw
T
k
vi
ðaÞ 6¼

h
vi�Si�1

k¼1wkw
T
k
vi
ðbÞjhw1

ðaÞ 6¼hw1
ðbÞ�¼Pr½Xi¼1 j X1¼1�. tu

Lemma 6. For fXig defined in Theorem 1, we have Pr½Xi ¼
1 jXj ¼ 1� ¼ Pr½X2 ¼ 1 j X1 ¼ 1�, 1 � j < i � N � d.
Given ua;b 2 ð0; p2�, we have Pr½X2 ¼ 1 j X1 ¼ 1�< ua;b

p
.

Please refer to Appendix A, which can be found
on the Computer Society Digital Library at http://doi.
ieeecomputersociety.org/10.1109/TPAMI.2014.2315806,
for the proof.

With Lemmas 5 and 6, we can express the variance of
BOLSH in terms of K, N , ua;b, and p2;1, as in the following
Theorem 2:

Theorem 2. Given two vectors a, b 2 Rd and random variables

fXig defined as in Theorem 1, denote p2;1 ¼ Pr½X2 ¼ 1 jX1 ¼
1� as in Definition 4, and SX ¼ SN

i¼1Xi which is the Hamming

distance between the N-batches of a and b, for 1 < N � d.

Denote Var½BOLSHua;b;N;K � as the variance of the Hamming

distance produced by BOLSH, where K ¼ N 	 L is the

code length. Then Var½BOLSHua;b;N;N � ¼ Var½SX� ¼ Nua;b
p

þ
NðN � 1Þ p2;1ua;b

p
� ðNua;b

p
Þ2, and Var½BOLSHua;b;N;K � ¼ L	

Var½BOLSHua;b;N;N � ¼ Kua;b
p

þKðN � 1Þ p2;1ua;b
p

�KNðua;b
p
Þ2.

This theorem is a combination of the original Theorem 2
and the first part of the Corollary 2 in [17]. We rewrite the
theorem for clarity.

Proof. By Lemma 6, Pr½Xi ¼ 1 jXj ¼ 1� ¼ Pr½X2 ¼ 1 jX1 ¼
1� ¼ p2;1 when 1 � j < i � N . Therefore Pr½Xi ¼ 1; Xj ¼
1�¼Pr½Xi¼1 jXj¼1�Pr½Xj¼1� ¼ p2;1ua;b

p
, for any 1 � j <

i � N . Therefore Var½SX�¼E½S2
X� � E½SX�2 ¼ SN

i¼1E½X2
i � þ

2Sj< iE½XiXj� �N2E½X1�2 ¼ Nua;b
p

þ 2Sj< iPr½Xi ¼ 1; Xj ¼
1��ðNua;b

p
Þ2¼ Nua;b

p
þNðN� 1Þ p2;1ua;b

p
� ðNua;b

p
Þ2.

Since v1; v2; . . . ; vK are independently sampled, and

w1; w2; . . . ; wK are produced by orthogonalizing every N

vectors, the Hamming distances produced by different

N-batches are independent, thus Var½BOLSHua;b;N;K � ¼
L 	 Var½BOLSHua;b;N;N � ¼ Kua;b

p
þ KðN � 1Þ p2;1ua;b

p
�

KNðua;b
p
Þ2. tu

Corollary 2. If K ¼ N1 	 L1 ¼ N2 	 L2 and 1 � N2 < N1

� d, then Var½BOLSHua;b;N1;K � � Var½BOLSHua;b;N2;K � ¼
Kua;b
p

ðN1 �N2Þðp2;1 � ua;b
p
Þ < 0, for any ua;b 2 ð0;p=2�.

Proof. By Theorem 2, Var½BOLSHua;b;N1;K � ¼
Kua;b
p

þ
KðN1 � 1Þ p2;1ua;b

p
�KN1ðua;bp Þ2. By Lemma 6, when ua;b 2

ð0;p=2�, for N1 > N2 > 1, 0 � p2;1 <
ua;b
p
. Therefore

Var½ BOLSHua;b;N1;K � � Var½ BOLSHua;b;N2;K � ¼ Kua;b
p

ðN1 �
N2Þðp2;1 � ua;b

p
Þ < 0. ForN1 > N2 ¼ 1,Var½BOLSHua;b;N1;K ��

Var½BOLSHua;b;N2;K � ¼
Kua;b
p

ðN1 � 1Þðp2;1 � ua;b
p
Þ < 0 tu

Corollary 2 shows that when fixing the code length K,
as the batch size N goes up, the variance of the Ham-
ming distance produced by BOLSH goes down. Thus by
Corollary 2, and the fact that SRP-LSH is a special case
of BOLSH when the batch size N ¼ 1, we can easily

show that Var½SRPLSHua;b;K � ¼ Var½BOLSHua;b;1;K � >
Var½BOLSHua;b;N;K �. This yields the following Corollary 3:

Corollary 3. Denote Var½SRPLSHua;b;K � as the variance of the
Hamming distance produced by SRP-LSH, where K ¼ N 	 L
is the code length and L is a positive integer, 1 < N � d.
Then Var½SRPLSHua;b;K � > Var½BOLSHua;b;N;K �, for any
ua;b 2 ð0;p=2�.

4.2.1 Lower Bound for Variance Reduction

In this section we give a lower bound on the variance reduc-
tion. First, the following theoremgives an upper bound of p2;1.

Theorem 3. For any ua;b 2 ð0;p=2Þ,

p2;1 <
1

p

Z
arccos

cosua;bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Z sin2 ua;b

q pðZÞ dZ

<
1

p
arccos

cosua;bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 ua;b

d�1

q <
ua;b

p
;

where Z � Betað12 ; d�2
2 Þ.

Please refer to Appendix A, available in the online sup-
plemental material, for the proof.

With the upper bound given by Theorem 3, we directly
get a lower bound on the reduction of variance, as shown in
the following Corollary 4.

Corollary 4. Var½SRPLSHua;b;K � � Var½BOLSHua;b;N;K � ¼ Kua;b
p

ðN � 1Þðua;b
p
� p2;1Þ> Kua;b

p2
ðN � 1Þðua;b � arccos

cosua;bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sin2 ua;b

d�1

q Þ >

0, for any ua;b 2 ð0;p=2Þ.

4.2.2 The Variance in ðp=2;pÞ
In this section we show that the behavior of the variance in
ðp=2;pÞ mirrors that in (0, p=2), i.e., the variance is symmet-
ric about ua;b ¼ p=2.

Theorem 4. Var½BOLSHua;b;N;K � ¼ Var½BOLSHp�ua;b;N;K �, and

Var½SRPLSHua;b;K � � Var½BOLSHua;b;N;K �
¼ Var½SRPLSHp�ua;b;K � � Var½BOLSHp�ua;b;N;K �:

Proof. Var½BOLSHua;b;N;K � ¼ Var½dHammingðhðaÞ; hðbÞÞ� ¼
Var½K�dHammingðhð�aÞ; hðbÞÞ�¼Var½dHammingðhð�aÞ; hðbÞÞ�¼
Var½BOLSHp�ua;b;N;K �. And since Var½SRPLSHua;b;K �¼
Var½SRPLSHp�ua;b;K �, the second statement is proven. tu

4.2.3 Discussions

Theorem 2 provides a general expression of the variance of
BOLSH in terms of ua;b, p2;1,K andN . Thus p2;1 plays a central
role in determining the variance. To see this, we emphasize
some important points in the proof. By Theorem 2, we have
that Var½BOLSHua;b;N;K � � Var½SRPLSHua;b;K � ¼

Kua;b
p

ðN�
1Þðp2;1 � ua;b

p
Þ. Therefore the order of Var½BOLSHua;b;N;K � and

Var½SRPLSHua;b;K � is directly determined by the order of p2;1
and

ua;b
p
. Lemma 6 shows that p2;1 <

ua;b
p
for any ua;b 2 ð0;p=2�.

Together with Theorem 4, we have that
Var½BOLSHua;b;N;K � < Var½SRPLSHua;b;K � for any ua;b 2 ð0;pÞ.

A by-product is Corollary 2, which describes the behav-
ior of Var½BOLSHua;b;N;K � as N varies ranging from 1 to d. It
suggests that when using BOLSH, it is better to set N as
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large as possible. For example, if K < d, then we set
N ¼ K. When K > d, for simplicity, assume that
K ¼ L	 d, then we set N ¼ d. As the degree of orthogonal-
ity goes up, the variance goes down.

4.3 Numerical Verification

In this section we conduct numerical experiments to verify
some of the theoretical results proven in previous sections.

By Corollary 2, we have that Var½SRPLSHua;b;K ��
Var½BOLSHua;b;N;K � ¼ Kua;b

p
ðN � 1Þðua;b

p
� p2;1Þ ¼ K

p
ðN � 1Þua;b

ðua;b
p
� p2;1Þ ¼ K

p
ðN � 1Þgðua;bÞ. Here we define

Definition 5. gðua;bÞ ¼ ua;bðua;bp � p2;1Þ.
gð�Þ is a complicated function of ua;b, because p2;1 is a

complicated function of ua;b. When fixing K and N , the
gap between Var½BOLSHua;b;N;K � and Var½SRPLSHua;b;K �
changes linearly with gð�Þ. Thus the value of gð�Þ directly
determines the reduction of variance. The larger the value
of gð�Þ, the larger the reduction of Var½BOLSHua;b;N;K � over
Var½SRPLSHua;b;K �.

In this section we conduct a numerical verification
to depict the behavior of gð�Þ, Var½SRPLSHua;b;K � and
Var½BOLSHua;b;N;K �, as ua;b changes.

The variance of SRP-LSH is shown as (3). For each angle,
we can directly compute the exact value.

By Theorem 2, the variance of BOLSH depends on p2;1, so
does gð�Þ (see Definition 5). Since p2;1 is a function of ua;b in
the form of a complicated integral, we use sampling scheme
to approximate the value of p2;1 for each ua;b.

We randomly generate 30 points in R10, which involve
435 angles. For each angle, we numerically approximate p2;1
using sampling method, where the sample number is 1,000.
We set K ¼ N ¼ 8 and K ¼ 8; N ¼ 4 respectively, and
plot the values of gð�Þ (Definition 5), the variances
Var½SRPLSHua;b;K � and Var½BOLSHua;b;N;K � against various
angles ua;b.

Fig. 2 shows that for ua;b 2 ð0;pÞ, BOLSH has a smaller
variance than SRP-LSH, which verifies Corollary 3 to some
extent. And the reduction of variance is much larger when

N ¼ 8. Furthermore, the values of Var½BOLSHua;b;N;K � and
gð�Þ against ua;b are both symmetric about ua;b ¼ p=2, which
verifies Theorem 4. And the closer is ua;b to p=2, the larger is
the gap between Var½SRPLSHua;b;K � and Var½BOLSHua;b;N;K �.

5 EXPERIMENTS

We conduct two sets of experiments, angular similarity
estimation and approximate nearest neighbor retrieval, to
evaluate the effectiveness of the proposed BOLSH
method. In the first set of experiments we directly mea-
sure the accuracy of estimating pairwise angles, and thus
verify the theoretical results developed in previous sec-
tions. The second set of experiments then test the perfor-
mance of BOLSH in approximate nearest neighbor search
application.

5.1 Angular Similarity Estimation

In this set of experiments, we evaluate the accuracy of
estimating pairwise angular similarity on several data
sets. Specifically, we test the effect to the estimation accu-
racy when the batch size N varies and the code length K
is fixed, and vice versa. For each preprocessed data set D,
we get DLSH after performing SRP-LSH, and get DBOLSH

after performing the proposed BOLSH. We compute the
angle between each pair of samples in D, the correspond-
ing Hamming distances in DLSH and DBOLSH . Then we
compute the mean squared error between the true angle
and the approximated angles from DLSH and DBOLSH

respectively. Note that after computing the Hamming dis-
tance, we divide the result by C ¼ K=p to get the approx-
imated angle.

5.1.1 Data Sets and Preprocessing

We conduct the experiment on the following data sets:
1) Photo Tourism Notre Dame patch data set1 [49], which

contains 104,106 patches, each of which is represented by a
128D SIFT descriptor (Photo Tourism SIFT); 2) SIFT-1M
[10], which contains 1 million 128D SIFT descriptors;
3) MIR-Flickr,2 which contains 25,000 images, each of which
is represented by a 3,125D bag-of-SIFT-feature histogram;
and 4) KOS blog entries from the UCI bag-of-words database,
which contains 3,430 documents, represented by 6,906D
bag-of-words histogram.

For each data set, we further conduct a simple prepro-
cessing step as in [47], namely, mean-centering each data
sample, so as to obtain additional mean-centered versions
of the above data sets, Photo Tourism SIFT (mean), MIR-
Flickr (mean), and so on.

The experiments on these mean-centered data sets will
test the performance of BOLSH when the angles of data
pairs are not constrained in ð0;p=2�, but in the whole ð0;pÞ.

5.1.2 The Effect of Batch Size N and Code LengthK

For Photo Tourism SIFT, SIFT-1M and MIR-Flickr, for each
ðN;KÞ pair, i.e., batch size N and code length K, we ran-
domly sample 10,000 data, which involve about 50,000,000

Fig. 2. The value of g (upper), the variances of SRP-LSH and BOLSH
against the angle ua;b to estimate (middle and bottom).

1. http://phototour.cs.washington.edu/patches/default.htm.
2. http://users.ecs.soton.ac.uk/jsh2/mirflickr/.
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data pairs, for KOS blog entries, we randomly sample 300
data. We randomly generate SRP-LSH functions, together
with BOLSH functions by orthogonalizing the generated
SRP in batches. We repeat the test for 10 times, and compute
the mean squared error of the estimation.

To test the effect of batch size N , we fix K ¼ 120 for
Photo Tourism SIFT and SIFT-1M,K ¼ 3;000 for MIR-Flickr,
and K ¼ 6;900 for KOS blog entries. To test the effect of
code length K, we fix N ¼ 120 for Photo Tourism SIFT and
SIFT-1M, N ¼ 3;000 for MIR-Flickr, and N ¼ 6;900 for KOS
blog entries. We repeat the experiment on the mean-cen-
tered versions of these data sets, and denote the methods by
Mean+SRP-LSH and Mean+BOLSH respectively.

Fig. 3 shows that when using fixed code length K, as
the batch size N gets larger (1 < N � minðd;KÞ), the
MSE of BOLSH gets smaller, and the gap between
BOLSH and SRP-LSH gets larger. Particularly, when
N ¼ K and K is close to d, over 30 percent MSE reduc-
tion can be observed on all the data sets. This verifies
Corollary 2 that the closer the batch size N is to the data

dimension d, the larger the variance reduction BOLSH
achieves over SRP-LSH. Thus when applying BOLSH,
the best strategy would be to set the batch size N as large
as possible, i.e., minðd;KÞ. An informal explanation to
this interesting phenomenon is that as the degree of
orthogonality of the random projections gets higher, the
codes become more and more informative, and thus pro-
vide better estimates.

On the other hand, it can be observed that the performan-
ces on the mean-centered data sets are similar as those on
the original data sets. This shows that when the angle
between each data pair is not constrained in ð0;p=2�, but in
the whole ð0;pÞ, BOLSH still gives much more accurate esti-
mations. This verifies to some extent that BOLSH has a
smaller variance in the whole ð0;pÞ.

Fig. 3 also shows that with fixed batch sizeN BOLSH sig-
nificantly outperforms SRP-LSH. When increasing the code
length K, the accuracies of BOLSH and SRP-LSH shall both
increase. The performances on the mean-centered data sets
are similar as those on the original data sets.

Fig. 3. The effect of batch sizeN (1 < N � minðd;KÞ) with fixed code lengthK (K ¼ N 	 L), and the effect of code lengthK with fixed batch sizeN:
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5.2 Approximate Nearest Neighbor Search

5.2.1 Approximate Nearest Neighbor Search with

Various Code Lengths

In this section, we conduct approximate nearest neighbor
search experiments, and compare BOLSHwith several other
widely used data-independent and data-dependent binary
hashing methods: SRP-LSH, SKLSH [27], LSH+frame
(denoted by “frame”) [32], Iterative quantization (ITQ) [31],
PCA+random rotation (RR) [31], [50], and anti-sparse cod-
ing (binary version, denoted by “as”) together with its
asymmetry version (denoted by “asa”) [32]. We can com-
pare these methods because when data are normalized to
unit norm, angular similarity changes monotonically with
euclidean distance.

Data Set. We use SIFT-1M [10] data set as described in
Section 5.1.1. We do not use Photo Tourism, MIR-Flickr and
KOS blog entries because they are not large enough for
retrieval. For SIFT-1M, we randomly sample 1,000 data in
query set as queries, while the corpus contains 1 million
data, and there is an additional learning set of 100,000 data
for learning-based methods. All SIFT descriptors are nor-
malized to unit norm.

Criterion. We adopt recall@R introduced in [10] as our
evaluation criterion. Recall@R is the proportion of queries
for each of which the true nearest neighbor is ranked within
the first R positions.

Experiment setup. For each method to test, if it is a learn-
ing based hashing method (ITQ, RR), we first conduct a
learning phase using the learning set of the data. Then, we
use the method to encode all the data in the database into
binary codes. In test phase, each query is encoded into
binary code, and then we compute the Hamming distance

to the binary code of each data sample in the database, and
retrieve the first R candidates with the smallest Hamming
distances. Finally we evaluate the performance using
recall@R. We repeat the experiment for different code
lengths, ranging from small code length of 32 bits, to long
code length that exceeds the data dimension. ITQ, RR only
generate small codes, while LSH+frame and anti-sparse
coding only produce long codes. So we compare them with
BOLSH and SRP-LSH in small code length and long code
length respectively. For BOLSH, we set N ¼ minðK; dÞ.

Fig. 4 shows that in general BOLSH performs best among
all the data-independent methods compared, and always
significantly outperforms SRP-LSH and SKLSH. In particu-
lar, when K � d, except from the asymmetry version of the
anti-sparse coding method, BOLSH performs the best
among all the methods compared, including the binary ver-
sion of anti-sparse coding. The asymmetry version achieves
the best result when K � d since it does not quantize a
query to binary code, leaving it a real vector after the cod-
ing. And it does not search with Hamming distance but
with more computationally expensive dot-product. There-
fore in some sense it is not a completely fair comparison
between this asymmetry version and the other methods.
Besides, the coding time of anti-sparse coding is several
magnitudes more than BOLSH and the other methods.

Fig. 4 also shows that in small code length, ITQ and PCA
+random rotation significantly outperform the other data-
independent methods. But surprisingly, PCA+random rota-
tion outperforms ITQ, which is opposite from the result
reported in [31]. As the code lengthK gets larger, data-inde-
pendent methods progressively achieve better results,
approaching the best performance of the data-dependent

Fig. 4. Approximate nearest neighbor search performance on SIFT-1M for various code lengths.
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ones. This is the result of the asymptotic convergence guar-
antees for the data-independent methods. Besides, LSH
+frame always performs better than SRP-LSH, as observed
in [32]. Note that in the experiment we do not test the prod-
uct quantization method [10], which is reported to achieve
superior results in terms of recall@R on SIFT-1M to some
state-of-the-art hashing methods for the same number of
bits. However, product quantization is a lookup-based
method, different from the Hamming-based binary hashing
methods discussed in this paper. As discussed in the Intro-
duction, Hamming-based hashing methods have their own
advantages in terms of speed and space.

5.2.2 The Effect of Dimensionality Reduction

In this section we test the effect of dimensionality reduction
on the proposed BOLSH method in approximate nearest
neighbor search, for K < d. The motivation is that, when
data is of low intrinsic dimension, conducting a standard
dimensionality reduction such as PCA as a preprocessing
step may improve the performance.

We first conduct a dimensionality reduction on the data
via PCA, to reduce the original dimension d to a middle
dimension m. Then we apply BOLSH to further reduce the
dimension to K, resulting in K-bit binary codes. We denote
the method by PCA+BOLSH. Note that when m ¼ d, PCA
+BOLSH is the same as BOLSH, and when m ¼ K ¼ N ,
PCA+BOLSH is the same as PCA+random rotation. We
conduct the approximate nearest neighbor search experi-
ment with the same setup as described above, on SIFT-1M
data set, forK ¼ N ¼ 64 andm ¼ 100; 80; 64.

Fig. 5 shows that PCA+BOLSH achieves better search
results than BOLSH and SRP-LSH. This reveals that SIFT-
1M data set has a low intrinsic dimension, and PCA as a
preprocessing step does help improve the performance in
this case.

6 CONCLUSIONS

The proposed BOLSH is a data-independent hashing
method which significantly outperforms SRP-LSH.
Instead of independent random projections, BOLSH uses

batch-orthogonalized random projections. We provide
theoretical justifications that BOLSH provides an unbi-
ased estimate of angular similarity, and it has a smaller
variance than SRP-LSH, for any angle in ð0;pÞ. We also
provide a lower bound on the variance reduction. Experi-
ments show that with the same length of binary code,
BOLSH achieves significant mean squared error reduction
over SRP-LSH in estimating angular similarity. And
BOLSH also performs best among several widely used
data-independent hashing methods in approximate near-
est neighbor search experiments. The BOLSH method is
closely related to many recently proposed PCA-style
learning-based hashing methods, which learn orthogonal
projections. Although BOLSH is purely probabilistic and
data-independent, the model of orthogonal random pro-
jection together with its theoretical justifications can help
gain more insights and a better understanding of these
learning-based hashing methods. The algorithm is simple,
easy to implement and it can be integrated as a basic
module in more complicated algorithms. Its potential
applications include approximate nearest neighbor
search, clustering, near-duplicate detection, and others
that require massive angle-related computations.
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